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1) JewroÔme orjog¸nio Kartesianì sÔsthma suntetagmènwn Ox1x2x3, kai ta antÐstoiqa mona-
diaÐa dianÔsmat� tou e⃗1, e⃗2, e⃗3. 'Estw ìti oi sunist¸sec enìc kartesianoÔ dianÔsmatoc A⃗ kai
enìc kartesianoÔ summetrikoÔ tanust  B se autì to sÔsthma eÐnai A1 = 1, A2 = 0, A3 = 3 kai
B11 = 1, B22 = 0, B33 = 1, B12 = 5, B13 = −5, B23 = 0 antÐstoiqa. Na brejoÔn oi sunist¸sec
twn duo aut¸n tanust¸n wc proc èna �llo Kartesianì sÔsthma suntetagmènwn, oi �xonec tou
opoÐou orÐzontai wc proc to arqikì sÔsthma apì ta mh monadiaÐa dianÔsmata α⃗1 = −e⃗2 + 2e⃗3,
α⃗2 = e⃗1, α⃗3 = 2e⃗2 + e⃗3.

LÔsh: Gia ta kainoÔrgia monadiaÐa dianÔsmata e⃗′1, e⃗
′
2, e⃗

′
3 èqoume α⃗1 = −e⃗2+2e⃗3 ⇒ e⃗′1 =

−e⃗2+2e⃗3√
5

,

e⃗′2 = e⃗1, α⃗3 = 2e⃗2 + e⃗3 ⇒ e⃗′3 = 2e⃗2+e⃗3√
5

. EÔkola faÐnetai ìti e⃗′1 · e⃗′3 = 0 ⇒ e⃗′1⊥e⃗′3, opìte to nèo

sÔsthma suntetagmènwn eÐnai orjog¸nio Kartesianì sÔsthma.
SÔmfwna me thn exÐswsh § 10 (3) o pÐnakac metasqhmatismoÔ metaxÔ twn duo susthm�twn eÐnai:

Λ =

 0 − 1√
5

2√
5

1 0 0
0 2√

5
1√
5

 .

Opìte oi sunist¸sec tou dianÔsmatoc A⃗ sto nèo sÔsthma suntetagmènwn eÐnai:

A′ = Λ ·A =

 0 − 1√
5

2√
5

1 0 0
0 2√

5
1√
5

 ·

 1
0
3

 =


6√
5

1
3√
5

 .

Gia ton tanust  B èqoume

B′ = Λ ·B · ΛT =

 0 − 1√
5

2√
5

1 0 0
0 2√

5
1√
5

 ·

 1 5 −5
5 0 0
−5 0 1

 ·

 0 1 0
− 1√

5
0 2√

5
2√
5

0 1√
5

 =

=

 0 − 1√
5

2√
5

1 0 0
0 2√

5
1√
5

 ·

 − 15√
5

1 5√
5

0 5 0
2√
5

−5 1√
5

 =


4
5 − 15√

5
2
5

− 15√
5

1 5√
5

2
5

5√
5

1
5

 .

2) Mia epÐpedh kÐnhsh suneqoÔc mèsou dÐnetai apì tic sqèseic:

x = t+ ξ1, y = t2 + ξ2.

Na brejoÔn oi exis¸seic:
a) (1 mon�da) twn troqi¸n, kai
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b) (1 mon�da) twn gramm¸n ro c.
g) (0,5 mon�dec) Oi dÔo autèc exis¸seic sumpÐptoun   ìqi? GiatÐ?

LÔsh: a) Gia na broÔme thn exÐswsh twn troqi¸n apaleÐfoume to qrìno stic duo exis¸seic kai
èqoume x = t+ ξ1 ⇒ t = x− ξ1 opìte telik�

y = (x− ξ1)2 + ξ2.

b) Gia na broÔme thn exÐswsh twn gramm¸n ro c upologÐzoume arqik� tic taqÔthtec:

vx =

(
∂x

∂t

)
ξi
⇒ vx = 1, vy =

(
∂y

∂t

)
ξi
⇒ vy = 2t.

Sth sunèqeia èqoume:

dx

vx
=

dy

vy
⇒ dx

1
=

dy

2t
⇒ 2tdx = dy ⇒

∫
dy =

∫
2tdx ⇒ y = 2tx+ c1.

H stajer� c1 prosdiorÐzetai apì tic arqikèc sunj kec x1 = ξ1, x2 = ξ2 gia t = 0, opìte c1 = ξ2

kai telik�

y = 2tx+ ξ2.

g) Oi exis¸seic twn gramm¸n ro c den sumpÐptoun me tic exis¸seic twn troqi¸n giatÐ o qrìnoc t
emfanÐzetai rht� sthn èkfrash thc taqÔthtac.

3)H paramìrfwsh suneqoÔc mèsou dÐnetai apì tic sqèseic:

x′1 = x1 + a(x41 + x22 + x23)

x′2 = x2 + a(x42 + x23 + x21)

x′3 = x3 + a(x43 + x21 + x22)

ìpou 0 < a ≪ 1.
a) (0,5 mon�dec) Na exetasteÐ an h paramìrfwsh eÐnai apeirost    peperasmènh kai na brejeÐ o
tanust c paramìrfwshc.
b) (1 mon�da) Na brejoÔn treÐc dieujÔnseic k�jetec metaxÔ touc me arq  to shmeÐo A(1, 1,−1),
twn opoÐwn h kajetìthta na diathreÐtai kai met� thn paramìrfwsh.
g) (1 mon�da) 'Estw mia polÔ mikr  sfaÐra aktÐnac ϵ, me kèntro to shmeÐo A(1, 1,−1). Na brejeÐ
h morf  thc sfaÐrac met� thn paramìrfwsh, kaj¸c kai h metabol  tou ìgkou thc wc sun�rthsh
thc aktÐnac ϵ.

LÔsh: a) Ta dianÔsmata metatìpishc dÐnontai apì tic sqèseic:

w1 = x′1 − x1 = a(x41 + x22 + x23) = aw′
1

w2 = x′2 − x2 = a(x42 + x23 + x21) = aw′
2

w3 = x′3 − x3 = a(x43 + x21 + x22) = aw′
3

Mia paramìrfwsh eÐnai apeirost  ìtan
∂wi

∂xj
≪ 1. Apì tic parap�nw sqèseic blèpoume ìti

∂wi

∂xj
=

a
∂w′

i

∂xj
= ak ≪ 1 diìti k =

∂w′
i

∂xj
eÐnai peperasmènoc arijmìc. Epomènwc h paramìrfwsh eÐnai

apeirost .

2



Sthn perÐptwsh apeirost c paramìrfwshc ta stoiqeÐa tou tanust  paramìrfwshc dÐnontai apì

tic sqèseic ϵij =
1

2

[
∂wi

∂xj
+

∂wj

∂xi

]
. Opìte o tanust c paramìrfwshc eÐnai:

(ϵij)(x1,x2,x3) =

 4x31a a(x1 + x2) a(x1 + x3)
a(x1 + x2) 4x32a a(x2 + x3)
a(x1 + x3) a(x2 + x3) 4x31a

 (1)

b) O tanust c paramìrfwshc gia to shmeÐo A(1, 1,−1) eÐnai

(ϵij)A =

 4a 2a 0
2a 4a 0
0 0 −4a

 . (2)

Oi zhtoÔmenec dieujÔnseic kajorÐzontai apì ta idioanÔsmata tou pÐnaka (2). Oi idiotimèc tou pÐnaka
brÐskontai apì thn exÐswsh∣∣∣∣∣∣
4a− λ 2a 0
2a 4a− λ 0
0 0 −4a− λ

∣∣∣∣∣∣ = 0 ⇒ (−4a−λ)
[
(4a− λ)2 − (2a)2

]
= 0 ⇒ −(4a+λ)(6a−λ)(2a−λ) = 0,

kai eÐnai

λ1 = 6a, λ2 = 2a, λ3 = −4a. (3)

To idiodi�nusma pou antistoiqeÐ sthn idiotim  λ1 = 6a brÐsketai apì th lÔsh tou sust matoc −2a 2a 0
2a −2a 0
0 0 −10a

 x1
x2
x3

 = 0 ⇒


−2ax1 + 2ax2 = 0
2ax1 − 2ax2 = 0
−10ax3 = 0

⇒


x1 ∈ R
x2 = x1
x3 = 0

.

Jètontac aujaÐreta x1 = 1 paÐrnw èna idiodi�nusma thc morf c

X⃗1 =

 1
1
0

 . (4)

DouleÔontac antÐstoiqa kai gia tic 2 �llec idiotimèc brÐskoume ta idiodianÔsmata

X⃗2 =

 1
−1
0

 , (5)

X⃗3 =

 0
0
1

 . (6)

Ta 3 aut� idiodianÔsmata eÐnai k�jeta metaxÔ touc, afoÔ ta eswterik� touc ginìmena eÐnai mhdèn.
g) H sfaÐra ja metasqhmatisteÐ se triaxonikì elleiyoeidèc. Sthn perÐptwsh apeirost c

paramìrfwshc o suntelest c kubik c diastol c θ isoÔtai me to Ðqnoc tou o tanust  paramìr-
fwshc (2)

θ = ϵ11 + ϵ22 + ϵ33 = λ1 + λ2 + λ3 = 4a > 0. (7)
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Epeid  o suntelest c kubik c diastol c eÐnai jetikìc katalabaÐnoume ìti o ìgkoc thc apeirost c
sfaÐrac ja auxhjeÐ. Arqik� o ìgkoc thc sfaÐrac eÐnai V1 = 4

3πϵ
3 kai o telikìc ìgkoc tou

elleiyoeidoÔc V2 = (1 + θ)V1. Opìte h metabol  tou ìgkou eÐnai ∆V = V2 − V1 = θV1 =
16a
3 πϵ3.

4) a) (1 mon�da) Na diatup¸sete thn exÐswsh thc sunèqeiac exhg¸ntac poia eÐnai ta megèjh pou
emfanÐzontai se aut . Poio eÐnai to fusikì thc nìhma?
b) (1,5 mon�dec) Na gr�yete thn exÐswsh thc sunèqeiac gia mia mìnimh ro  se epÐpedo par�llhlo
sto epÐpedo Ox1x2 me pedÐo taqut twn v1 = v1(x2), v2 = v2(x1, x2) kai puknìthta ρ = ρ(x1).

LÔsh: a) H exÐswsh thc sunèqeiac ekfr�zei th diat rhsh thc m�zac miac ulik c perioq c enìc
suneqoÔc mèsou, sunart sei twn metablht¸n tou Euler, kai dÐnetai apì tic isodÔnamec sqèseic

∂ρ

∂t
+∇(ρv⃗) = 0, (8)

dρ

dt
+ ρ∇(v⃗) = 0, (9)

ìpou ρ h puknìthta, v⃗ h taqÔthta kai t o qrìnoc.
b) 'Eqoume v1 = v1(x2), v2 = v2(x1, x2), ρ = ρ(x1) opìte apì thn (8) paÐrnoume

∂ρ

∂t
+

∂(ρv1)

∂x1
+

∂(ρv2)

∂x2
= 0 ⇒

⇒ ρ(x1)
∂v1(x2)

∂x1
+ v1(x2)

∂ρ(x1)

∂x1
+ ρ(x1)

∂v2(x1, x2)

∂x2
+ v2(x1, x2)

∂ρ(x1)

∂x2
= 0 ⇒

⇒ v1
∂ρ

∂x1
+ ρ

∂v2
∂x2

= 0.
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